In this paper, we investigate π(m, n), the number of partitions of the bipartite number (m, n) into steadily decreasing parts, introduced by L.Carlitz ['A problem in partitions', Duke Math Journal 30 (1963), 203-213]. We give a relation between π(m, n) and the crank statistic M(m, n) for integer partitions. Using this relation, some uniform asymptotic formulas for π(m, n) are established.
Introduction and statement of results
We begin with some standard definitions from the theory of partitions [1] . An integer partition is a non-increasing sequence λ 1 , λ 2 , . . . , such that each λ j is a nonnegative integer. The partition (λ 1 , λ 2 , . . . ) will be denoted by λ. We say λ is a partition of n if λ 1 +λ 2 +· · · = n. Let p(n) be the number of partitions of n and let p(0) := 1. Then by Euler, we have the following famous generating function n≥0 p(n)q n = 1 (q; q) ∞ , (q ∈ C, |q| < 1).
(1.1)
Here (a; q) ∞ = j≥0 (1 − aq j ) for any a ∈ C and |q| < 1. Determining the growth of p(n) was one of the early motivating problems in the theory of partitions. Hardy and Ramanujan [2] proved
as integer n → +∞. For partitions α = (α 1 , α 2 , . . . ) and β = (β 1 , β 2 , . . . ), follows from [1, p.207] we say that the pair (α, β) is a pair of partitions with steadily decreasing parts if
holds for all integer i ≥ 1. Let π(m, n) be the number of partitions of the bipartite number (m, n) of the form (m, n) = (α 1 + α 2 + . . . ,
with each pair (α, β) has steadily decreasing parts. A generating function for π(m, n) is given by Carlitz [3, 4] m,n≥0
for all x, y ∈ C with |x|, |y| < 1. This is analogous to the generating function (1.1) for the number of partitions of 1-partite number. In [5] , Andrews extended (1.3) to r-partite number for any positive integer r. For more related results, see [6, 7, 8] .
In this paper, we investigate the asymptotics of π(m, n) analogous to the HardyRamanujan asymptotic formula (1.2). To state our main results, we need the cubic partition function c(n) introduced by Chan [9] that n≥0 c(n)q n = 1 (q; q) ∞ (q 2 ; q 2 ) ∞ ; (1.4) and the crank statistic for integer partitions, introduced and investigated by Dyson [10] and Andrews and Garvan [11, 12] . Denoting by M(m, n) the number of partitions of n with crank m, we have the generating functions
The first result of this paper is stated as follows.
with p(−r) := 0 for all r > 0. We also have
where L m,n := min(2n − m, m). In particular, if m > 2n then D(m, n) = 0.
By use of (1.7) of Proposition 1.1, we prove the following uniform asymptotic behavior of D(m, n), by using some results on the uniform asymptotics of M(m, n), proved by the author in [13] .
Theorem 1.2. Uniformly for all integers m, n
Aa a consequence of the above theorem, we prove the following asymptotic formula for π(m, n) which analogous the Hardy-Ramanujan asymptotic formula (1.2). 
Proofs of results

The proof of Proposition 1.1
Setting q = xy and ζ = x, the generating function (1.3) can be rewritten as
by using (1.5). Therefore, by use of (2.2), we have for each m ≥ 0,
From (1.3) we have π(m, n) = π(n, m), and hence the proof of (1.6) follows. We now proof (1.7). By noting that π(−1, n) := 0 for all integers n ≥ 0, and using (1.5) and (2.1) implies that
Using (1.4) we further obtain that
Recall the well known results that M(m, n) = M(−m, n), and M(m, n) = 0 if |m| > n. We have: For 0 ≤ m ≤ n,
For m > 2n we have m − n > n, and hence
Combining (2.3)-(2.5), the proof of (1.7) follows.
Auxiliary lemmas
To prove Theorem 1.2, we need the following uniform asymptotics of M(m, n), which follows from [13, Corollary 1.4]. We note that the uniform asymptotics of M(m, n) was first considered by Dyson [15] as an open problem, proved first by Bringmann and Dousse [16] , and completed as the following form by the author [13] . Proposition 2.1. Uniformly for all integers ℓ, k ≥ 0, as ℓ → ∞,
Proof. From [13, Corollary 1.4] and the Hardy-Ramanujan asymptotic formula (1.2), we have as ℓ → ∞,
Here and throughout, 1 condition = 1 if the 'condition' is true, and equals to 0 if the 'condition' is false. Notice that if ℓ > k 2−1/8 and ℓ → +∞ then
we have
, which completes the proof.
We also need the asymptotics of the cubic partitions c(n), which can be find in [17, Equation (1.5)]. Proof. The proof of this lemma is directly and we shall omit it details.
The proof of Theorem 1.2 and Theorem 1.3
In this subsection, we always assume that m, n are integers with n ≥ m ≥ 0 and m → ∞. We first prove Theorem 1.2. From Proposition 1.1, we split that
For E(m, n), using Proposition 2.1 and Lemma 2.2 we have:
By use of Lemma 2.3, we further find that E(m, n) ≪ e We now evaluate I(m, n). Also, from Proposition 2.1 and Lemma 2.2,
Using Lemma 2.3 further implies that 
